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Constrained Impulsive Trajectory Optimization for
Orbit-to-Orbit Transfer

Richard G. Brusch*
General Dynamics Convair Division, San Diego, Calif.

A method for rapidly generating preliminary estimates of performance for orbit-to-orbit transfer vehicles
subject to complex operational constraints is presented. Given the characteristics of a particular multistage
design and the position and time of the thrusting arcs, the performance index and constraints are evaluated by
solving Lambert’s problem, An intrinsic equality constraint is imposed on each thrusting arc to insure that the
velocity increment provided by each stage is equal to the impulsive velocity increment required by the solution to
Lambert’s problem. A problem solution is sought by solving a nonlinear programming problem where the in-
dependent variables may be chosen from a set of vehicle design parameters and the positions and times of the
various thrusting arcs. A Lambert’s problem formulation is shown to be preferable to a Kepler’s problem
formulation for complex missions. Pitfalls in the solution to Lambert’s problem are highlighted. A variation of
the Method of Multipliers is used for reliably solving the nonlinear programming problem generated by the
problem formulation. Finally, several highly constrained orbit-to-orbit transfer problems are presented as

examples.

Introduction

PTIMIZATION of trajectories for orbit-to-orbit

transfer has recently been complicated by the fixed
impulses available from upper stages using solid rocket
motors, such as the Interim Upper Stage (IUS) proposed for
use with the space shuttle. Furthermore because of
development costs, only a few solid-rocket-motor upper
stages will be available, each with a discrete total impulse
capability. It is clearly necessary then to perform many
missions with stages that are poorly sized from an impulse
available standpoint. The question then becomes one of
optimizing trajectory design, given poorly sized stages. The
trajectory shaping techniques that work well for liquid-
propellant stages, such as Hohmann transfers, cannot be used
because of the total impulse constraints imposed by the use of
solid-rocket-motor stages. This problem was the major
motivation for developing the technique described in this
paper.

A second motivation was the need to solve orbit-to-orbit
transfer problems requiring three or more impulses.
Analytical solutions to these problems are unavailable even
for multiburn liquid-fuel stages, such as the Agena, Centaur,
and Transtage, where fixed impulse constraints are not a
problem. For problems requiring a change of the size or shape
of the orbit as well as the orbital plane, three impulse transfers
are frequently optimal and, to the best of the author’s
knowledge, solutions may be obtained only through some
numerical iteration procedure.

Preliminary performance estimation tools should have the
attributes of rapid response, flexibility, and low cost.
Trajectory optimization programs that integrate the equations
of motion!* usually fail to meet the last criterion due to the
relatively high cost of trajectory integration multiplied by the
number of trajectories that must be computed in the solution
iteration process. In these programs, the solution iteration
overhead is infinitesimal compared with trajectory integration
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costs. Therefore, lowering the cost of trajectory propagation
is an obvious approach to developing a viable preliminary
performance estimation tool.

Impulsive aproximation of finite-burn arcs and conic
approximation of coast arcs offer the potential of reducing
trajectory propagation costs by two to three orders of
magnitude over that required by numerical integration. By
choosing an adequate number of impulses to simulate a single
finite burn, even trajectories with relatively low thrust-to-
weight ratios (=0.1) and long thrusting arcs may be simulated
with sufficient accuracy for preliminary performance
estimation work. The paper of Gobetz and Doll offers an
excellent survey of impulsive trajectories.

Impulsive thrust approximations and conic coast
propagation are treated in the following sections. The next
portion of the paper discusses a variation of the Method of
Multipliers developed by the author for reliably solving the
nonlinear programming problem generated by the problem
statement. Finally, several example problems and solutions
are presented to indicate the value of this approach.

Impulsive Burn Approximation

Consider a vehicle moving in a constant gravitational field
and thrusting in a constant direction from time #, to time . It
can be shown from simple dynamics that the velocity change
relative to a free-falling coordinate system due to the finite
burn is equivalent to an impulse having the same charac-
teristic velocity Av and occurring at the time centroid 7, of the
thrust acceleration @ (#) versus time profile

0=Slf (t—t)a(e)de ()]

o

Au=Slfa(t)dt 2)
‘0

The maneuvers are equivalent in the sense that they both
start on the same preburn coast trajectory and end on the
same postburn coast trajectory. This equivalence is illustrated
in Fig. 1 for a rocket with constant thrust F and constant
weight flow rate w. With these assumptions, Eq. (1) can be
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Fig. 1 Equivalent finite burn (solid line) and impulse maneuvers.

solved explicitly for the time of the thrust acceleration cen-
troid, given the initial weight w,

fe=to+Wo/W— (t;—1,) /taR 3)
where l

are the mass ratio and final weight, respectively.

The inexactness of this impulsive approximation is due to
violation of two of the assumptions by actual trajectories: 1) a
nonuniform gravity field due to changes in radius during the
finite-burn maneuver, and 2) thrust vector turning during the
burn. Reference 6 has investigated the performance errors

induced by ignoring these factors; the results are summarized

by the following bound on the difference between the impulse
characteristic velocity Av and the finite-burn characteristic
velocity Av,:

Av,—Av<k(1/24) (u/7?) (t;=1,) Av ®)
where
6 q 2 1 1
k=—( th———>=1—— 2 T
g\ 37, 507 * 25207 ™

and r is the radius to the center of mass, u is the gravitation
constant of the center of mass, and g equals Av divided by the
effective exhaust velocity.

For burns imparting a velocity change less than the effective
exhaust velocity, setting &k to unity will result in an error of
less than 2% in the bound of Eq. (6). Equation (6) provides a
straightforward means of determining the maximum burn
duration that can be approximated by a single impulse given
an upper bound on the tolerable error in characteristic
velocity. For example, if an error of 0.1% in characteristic
velocity is considered negligible, then solving Eq. (6) for the
maximum allowable burn duration yields

ty—1ty=[0.001x24(r? /) /1K) 1”2 ®)

If the burn time of the finite burn exceeds this value, the
error tolerance requirements can still be met by modeling the
burn by two or more sequential impulses, each representing
an equal portion of the total finite burn. This approach is
followed in this paper. An alternative approach is to use a
more - sophisticated impulsive approximation, such as a
position translation orthogonal to the impulse at the impulse
point suggested by Robbins in Ref. 6.

Conic Coast Approximation

~ Consider now the problem of obtaining approximate
solutions to the unpowered or coasting phases of flight, the
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Fig. 2 A general three-impulse transfer in three-dimensional space.

so-called ‘‘two-body’’ problem. If all forces except a spherical
inverse squared gravitational field are ignored, elegant
analytic solutions are available. Note that the following forces
are ignored in accepting the previous assumption: 1) higher-
order gravitational harmonics, 2) atmospheric drag, 3) the
solar wind, and 4) third-body gravitational perturbations. The
first two of these can have a significant effect on low Earth
orbits, especially when multiple revolutions are involved.
Higher-order gravitational harmonics are briefly treated at
the end of this section.

Although many ‘‘two-body’’ problems can be posed, the
analytic solutions to the following two practical problems are
of greatest interest: 1) the problem of Kepler is to determine
the position and velocity vectors r, and v, at some future time
t;, given the position and velocity vectors r, and v, at the
present time 7,; and 2) the problem of Lambert is to determine
the initial and final velocity vectors v, and vy, given the initial
and final position vectors r, and r, and a transit time, ¢, —¢,.

Kepler’s Problem

An excellent practical solution to Kepler’s problem has
been presented by Goodyear.”® The solution to Kepler’s
problem is straightforward and without ambiguities. A
general multiple-burn trajectory in three-dimensional space is
shown in Fig. 2. The natural control variables of this ap-
proach to trajectory propagation are the initial position and
velocity vectors r, and v, and the coast times between im-
pulses ‘Af; and the impulse vectors Av;. For this particular
example,

X= 1o, 0207035 V15 Vps Vo3s Al g AV 11, AL 5, AV 13, ALy

Avy A5, AV, AT, AV, AV, Avs;, AL ©))

~where x denotes the vector of all scalar control variables. A

general trajectory then is completely determined by the vector
of control parameters x. Notice that four additional control
variables are added for each additional impulse incorporated.
Equivalently, the three components of the Av; vectors may be
replaced by the magnitude of the impulse lAv, i and two
coordinates that uniquely specify the orientation of the im-
pulse vector; e.g., spherical coordinates.

Lambert’s Problem

An alternative approach to trajectory propagation is to
specify the position vectors of the impulses and the transfer
times between impulses and solve for the initial and final
velocity vectors. For additional flexibility, the formulation
presented here will allow the possibility of an initial coast
before the first impulse and a final coast after the last im-
pulse. These initial and final coasts will be determined using a
solution to Kepler’s problem while all transfers between
impulse will be determined from a solution to Lambert’s
problem. Numerical techniques for solving Lambert’s
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problem are discussed in Ref. 9-12. In this formulation, the
natural control variables are the coast times A¢;, the position
vectors r;, the initial velocity v,, and the velocity prior to the
final coast v§ .

X=[Vg1,V02,Vg3sTo15 02T 035 Al gs AL 17217 22,7 535

Aly,T3),T 3257335035055, V33, Al ]

Notice that r, is not present in the control vector since it is
determined by the initial coast. As in the case of the Kepler
problem formulation, four additional control variables are
added for each additional impulse. Notice that each impulse
vector now can be computed from Av; =v;*~v;.

Comparison of Formulations

Notice that both the Kepler problem formulation and the
Lambert problem formulation of this general three-impulse
trajectory with initial and final coasts have the same number
of control variables, 19; they both have the same number of
degrees of freedom, which may be subject to optimization.
From this standpoint, they are equivalent in complexity.
Constraints on the magnitude of the impulses may be more
easily enforced in the Kepler problem formulation since the
impulses appear as control variables. However, for multiple-
burn liquid-fuel rockets, the optimal impulse magnitudes are
not known a priori and the advantage is lost.

Both approaches require initial estimates of the control
variables to begin optimization iterations. For the Kepler
problem formulation, the initial orbital elements, the coast
times between impulses, and the magnitude and direction of
each of the impulses must be guessed. For the Lambert
problem formulation, the initial and final orbital elements,
the coast times, and the positions of each impulse must be
estimated. The initial and final orbits are frequently part of
the problem statement. In our opinion, it is much easier to
guess the position of impulses than to guess the magnitude
and especially the direction of impulses. A trajectory analyst
has a much better sense for where an impulse will occur than
he does for the direction of the impulse in a three-dimensional
inertial coordinate system. In the Lambert formulation, all
iterations, including the initial estimate, achieve the desired
terminal orbit; this is not the case for the Kepler problem
formulation.

The most persuasive argument favoring the Lambert
problem formulation is one based on error propagation and
numerical stability. Changing a single control variable when
using Kepler’s formulation changes the entire trajectory
following the impulse associated with that parameter.
Consequently, the trajectory will be much more sensitive in
general to variations in r, and v, than to variations in Az,.
The longer and more complex the trajectory to be simulated,
the more severe this sensitivity problem becomes. For
missions such as rendezvous in geosynchronous orbit from a
low Earth orbit, followed by a return to low Earth orbit, a
variation in the elements of the initial parking orbit can cause
variation four or five orders of magnitude larger in the final
orbit. Such a problem is poorly conditioned for the generation
of gradients by finite differences. Also function minimization
algorithms require more computational effort due to the
extreme cross-coupling among control variables.

A variation of a parameter in the Lambert problem for-
mulation can only affect the two coast arcs adjacent to the
impulse position or time being varied. Thus, a parameter
variation affects only three contiguous Av vectors. The
sensitivities are therefore more uniform and local, improving
finite-difference gradients; and the limited cross-coupling of
control variables improves function minimization algorithm
performance.

During development of the program described in this
paper, the author attempted several problems using both
formulations. The Lambert problem formulation was able to
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Fig. 3 A clockwise and counterclockwise solution to Lambert’s
problem always exists.

Fig. 4 Two possible solutions to Lambert’s Problem with a central
angle greater than 360 deg.

converge to significantly more accurate solutions than the
Kepler problem formulation. The cause of the difference in
performance was traced to a significant degradation of ac-
curacy in the finite-difference gradients that could be ob-
tained with the Kepler formulation. Although the gradient
accuracy could be improved by going to double precision, the
ill-conditioning dueto cross-coupling of control variables and
the wide range of magnitudes of components of the gradient
vector are inherent in the problem formulation.

Similar problems occur in the solution of two-point
boundary-value problems involving sensitive ‘‘divergent
systems of differential equations.”” The Kepler formulation is
analogous to the ‘‘shooting”’ technique used on the dif-
ferential equation problem. The Lambert problem for-
mulation is akin to the ““multiple shooting’’ approach, which
has been used successfully to solve sensitive differential
equations. 3

Ambiguities of Lambert’s Problem

Unfortunately, the solution to Lambert’s problem is not as
straightforward as the solution to Kepler’s problem. Lam-
bert’s problem suffers from a number of intrinsic am-
biguities:

1) Given two position vectors and a transfer time, two
solutions are always possible—a clockwise solution, and a
counterclockwise solution (see Fig. 3).

2) For transfer times A¢ greater than the period P_;, of the
minimum-energy ellipse determined by the position vectors,
solutions with total central angles greater than 360 deg are
possible in addition to the solutions with central angle less
than 360 deg (see Fig. 4). In fact, two posigrade and two
retrograde solutions are possible with central angles be-
tween 27n and 2x(n + 1) when the transfer time is sufficiently
large.

3) If vectors r, and r, are collinear (parallel, although
possibly with opposite sense) the plane of the transfer is
undefined. This includes the important practical cases when
impulses are positioned 180 or 360 deg apart. These cases
correspond to perigee-apogee impulse combinations known to
be optimal for Hohmann transfers or to successive apogee or
successive perigee burns, frequently optimal maneuver when
finite thrust limits available impulse magnitudes.

The multiple solutions posed by ambiguities 1 and 2 can
frequently be dispensed with on the grounds of common sense
arguments or other mission considerations. For example, if
the angle between the planes of the initial and final orbits is
small and motion is intended to be posigrade in both orbits, a
retrograde transfer orbit will be extremely uneconomical from
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a Av standpoint and would make sense only if stages per-

forming the transfer were extremely oversized relative to
stages designed to perform the minimum-energy transfer.
Some candidate solutions may violate minimum perigee
constraints (aerodynamic heating or impact), eliminating
them from further consideration. Often, multiple-revolution
trajectories are eliminated from consideration on the grounds
of increased weight (larger batteries, more vehicle
stabilization propellants) or the cost of ground support
‘required by increased mission duration. In some cases,
however, the only recourse is to optimize the transfer relative
to each transfer mode and select the optimum mode based on
the direct comparison of the optimum performance achieved
by each mode. Note that only a finite number of cases need be
tried; however, as the number of impulses increases, the
number of possible combinations increases exponentially.
Note that the problem of alternate mission modes is shared by
all problem formulations.

The problem of collinear position vectors is a more serious
one because it occurs more frequently in practice and because
an infinite number of solutions exists, corresponding to the
continuum of possible transfer plane orientations. It should
be noted, however, that constraints, particularly stage im-
pulse constraints associated with solid-fuel rocket motors,
frequently force the solution away from the Hohmann
transfer case. Still, provisions must be made to handle this
case when it occurs. Rocklin!! has investigated this problem
for the two-impulse case when the performance index is
defined as the sum of magnitudes of the velocity increments,
and no constraints are imposed other than the given initial
and final position and velocity vectors. He concludes that

Avg-h,/ (rolavel) = —Av,-h,/ (r i Av )

0=2n+1)7 (10)
and
Avy-h, /NAvoll =Av,-h, /Ay, (11)
0=2n=n

(v,Avy —v,8v,,) /AU = (v,A04, —v,A04,) /1 Av,l
(n=0,1,2,...) (12)

where A, is the unit angular momentum vector of the transfer
orbit; subscripts 1,2,3 refer to components in an orthogonal
coordinate system with x; and x, in the plane of the transfer
orbit; the x, axis in the direction of periapsis, and the x; axis
in the direction of the angular momentum vector. Subscripts 0
and frefer to initial and final impulse conditions. Subscript ¢
refers to transfer orbit conditions.

For transfers with a central angle of (2n + 1)x rad (180 deg,
540 deg, . . . ) Eq. (10) states that Av, and Av, must have
components normal to the transfer plane of opposite signs
and inversely proportional to the respective radius
magnitudes. As shown in Fig. 5, the unit angular momentum
vectors hy, h,, and h, are all coplanar. Solution requires a
single parameter iteration to select the transfer plane in-
clination so that Eq. (10) is satisfied.

Figure 6 shows the situation for 2n~ transfers (0 deg, 360
deg, 720 deg, . ..). In this case ro=r,=r, and Eq. (11)
expresses the same geometric constraint as Eq. (10). Since the
initial, final, and transfer orbits all contain r, the unit angular
momentum vectors h,, h,, h, are again coplanar. Since the
transfer time is a known integer multiple of the period, the
semimajor axis of the transfer ellipse and, consequently the
velocity magnitude at radius r=r,=r, are known, vy=v;.
Equation (12) states that the components of Av, and Av,
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Fig. § Cross section of velocity diagram perpendicular to line of
nodes for (2n + 1)« transfers.

Fig. 6 Velocity diagrams for minimum delta velocity 2nx transfers.

perpendicular to both A4, and vj=v; must be equal. An
immediate consequence of Egs. (11) and (12) is that initial,
final, and transfer orbit velocities, vy, vj vi=v; are
coplanar. In addition y,=v, in Fig. 6 for minimum delta v
transfers. Solution is obtained simply by iterating ¢, until
Vo=v, oglloMlvfl=lvA, and ¢,+¢, are known
from the problem statement.)

Higher-Order Gravitational Harmonics
Space shuttle missions envision servicing spacecraft in

- geosynchronous equatorial orbit by a reusable service tug

carried in the cargo bay of the space shuttle. The time
required for the service tug to transfer from the shuttle’s low
Earth orbit to a geosynchronous orbit, service a satellite, and
return to shuttle for reuse is typically several days. During the
time between service tug departure and its return to the
shuttle, the shuttle will have made between 30 and 100 orbital
revolutions. The J, gravitational harmonic causes a rotation
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of the longitude of the ascending node and argument of
perigee of shuttle orbit of a magnitude that cannot be ignored
in performance calculations. Reference 14 suggests a simple
procedure for generating pseudoposition vectors that may be
used in conjunction with a solution to Lambert’s problem to
account for second-order gravitational perturbations.
Although this scheme has not been implemented by the
author, it appears to be a promising approach to refining the
conic approximation.

Problem Formulation

The vehicle configuration can be adequately defined by the
following variables:

W, = gross initial weight of the transfer vehicle and
payload just before ignition of the first stage
w, = weight of the payload

and for each propulsion stage i

PW,; = nominal effective main impulse propellant
weight on stage /

SPI; = effective specific impulse of stage i/

Wi, = weight jettisoned after stage i/ has expended its
propellants

0, = propellant fraction offloaded from stage i

S; = a steering coefficient equal to the ratio of the net

velocity imparted by an “‘impulse’’ with steering
and the ideal delta velocity imparted by the stage

Vehicle performance is then computed using the following
algorithms:

a) (i=1) WS=W,

b) WE=WS—PW,(I-0,)
¢) R=WS/WE

d) IfR>0, DV,=gSPIS,iR (13)

IfR=<0, DV;=1x10""max.(0.001,'R )

e) WS=WE-WJ,

f) If this is last stage, stop; otherwise, i=i+1 and go to
step b.

Equation 13 is just the impulsive rocket equation, where g is
surface gravitational acceleration. The weight WS defined in
step e at the conclusion of the algorithm is the actual payload
achieved. It is not necessarily equal to W ,, the payload weight
input. In general, the variables W,, W,, O; and S; may be
treated as-control variables subject to optimization.

The propellant offloading fraction may be considered a
variable in the case of liquid-propellant stages, which may be
tanked to optimal mission-peculiar levels. It is anticipated
that the solid rocket motor for the IUS will be certified for
operation within a limited range of propellant loadings.
Offloading for solid rocket motors would be achieved by
literally machining off part of the hominal propellant charge
several months before flight. The range of allowable

propellant weight reduction is limited to factors between 1.0

and 0.60, for example (exact lower bounds are to be deter-
mined). Clearly, solid-rocket-motor propellant weight is not a
real-time control variable. For multiple-burn liquid-
propellant stages, the nominal propellant loading may be
associated with each burn subject to the constraint that
LO; <1 over burns using the common physical stage. The
offloading fraction O is used as a control variable rather than
the propellant weights themselves as a convenience that avoids
control variable scaling.

J. GUIDANCE AND CONTROL

Fig. 7 Cross-axis steering angle ¢ as function of time for energy
management.

The steéting coefficients S; are used to simulate cross-axis
steering, which may be used as an energy imanagement
technique when a stage, carrying a fixed or minimum
propellant loading, provides a larger velocity increment than
the optimal increment desired. The technique consists of
steering to both sides of the direction in which the velocity
increment is desired so that the increments perpendicular to
the desired axis cancel, as shown in Fig. 7. The magnitude of
deviations from desired increment direction controls the
magnitude of the effective velocity increment. Clearly, this
technique is not applicable to spin-stabilized stages or to
stages unable to vary attitude during a burn. S, of course,
must be constrained to be betweenOand 1. ‘

" The initial total vehicle weight is frequently a control
variable, for example when the payload weight or the
propellant offloading is subject to optimization. If the
payload weight is fixed or is to be constrained when either the
total initial weight of the vehicle W, or any of the propellant
offloadings O; is an optimization variable, the input payload
W, must be input and a constraint imposed of the form
WS=W, or WS= W, where WS is the actual final weight
determined from step e at algorithm termination. Otherwise,
payload weight is completely determined by the invariant
weights of the problem statement.

The actual implementation has additional control variables
to simulate the weight and propulsive effects of such
secondary liquid systems as reaction control, propellant
settling, or velocity error correction systems. Ignoring these
variables, a summary of the set of available variables from
which the control variables for a particular problem may be
chosen is given below:

C=[ Wo;\Wp:vo’r(),Ato;At,';O,';Sp (i=1’2)u-nb);
rip(i=2,3...n,);0] (4

where n, = the number of burns modeled.
This Lambert problem formulation requires that the user
enforce constraints of the form

DV, =lav;l (i=1,2,...ny) (15)
where DV, is determined from step d of the vehicle per-
formance algorithm and is the ‘‘velocity provided’’ by stage i
in its current dry weight and propellant weight configuration
and Ayl is the “‘velocity required’’ by the solution to
Lambert’s problem, given the current position vectors,
transfer times, and initial and final velocity vectors. Problem
solution depends upon the control variables being adjusted so
that constraints of Eq. (15) are satisfied.

Given the times, position vectors, velocity vectors, and Av
vectors from the solution to Lambert’s problem and the DV;
and weights from the vehicle performance algorithm, a
plethora of dependent variables may be computed, including
orbital elements, thrust pointing angles, Earth tracker angles,
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Table 1 Typical IUS stage characteristics for two example missions

Effective
nominal Effective Nominal
propellant specific Jettison Max. total payload
Mission Stage weight, b impulse weight, b weight, 1b weight, 1b -
PL22A 1 22,500 296 2350 58,720 1125
1985 2 22,500 296 2740
3 6250 296 790
EO56 1 22,800 297 2680 55,790 5010
2 22,800 297 2260
3 6250 297.5 2156

sun angles, and Earth impact points. Given thrust levels or
propellant flow rates, actual starting times and burnout times
of the finite burns and corresponding coast times may be
computed.

Problem Solution

To obtain maximum flexibility in problem formulation, it
is desirable to be able to select any of these dependent
variables at the end of any burn or any of the control variables
as the performance criterion to be optimized. It is equally
desirable to be able to impose equality or inequality con-
straints on the same set of variables. The following nonlinear
programming formulation realizes this flexibility:

minimize 7(x)

x (16)
subjected to
h(x) =0 a7
gx)y=0 18)
where
x = a suitable subset of the set of control variables C

defined in Eq. (14); these are the variables which are
free to be optimized

h =a vector of equality constraints to be enforced in-
cluding those of Eq. (15); elements of A may be
control variables or any of the dependent variables
which may be computed in the manner previously
discussed, given the control vector x

g =a vector of inequality constraints; as in the equality
constraint case any control variable or any of the
dependent variables may be so constrained

Other Solution Techniques

Approaches to the solution of impulsive orbital transfer
problems may be conveniently divided into two groups:
1) indirect solution techniques that depend upon the necessary
and sufficient conditions of the calculus of variations; and
2) direct solution techniques, which depend upon direct
comparison of values of the problem functions for varying
control vector values. An enormous body of literature has
built up regarding the former approach based on Lawden’s
“‘primer vector’’ theory. !5 References 15-21 represent only a
few of the available references in this area. Indirect techniques
based on the calculus of variation (Maximum Principle) are
complicated by the introduction of equality and inequality
constraints because of the discontinuities introduced in the
adjoint functions.4?? This is especially true for the case of
multiple inequality constraints that may or may not be active.
In addition program development and modification costs are
higher for the primer vector approach than for direct ap-
proach taken in this paper.+?? In general, however, the in-
direct approaches are computationally faster than direct
techniques, when they converge. ‘

The method of solution presented in the next section falls
into the category of direct solution techniques. Relatively few
publications have appeared dealing with the application of
direct solution techniques to impulsive trajectory op-
timization. The papers of Gruver and Engersbach ?22? apply a
gradient projection-restoration algorithm to solve the
nonlinear programming problem, Eqs. (16-18). The paper of
Johnson2?* uses a two-phased, accelerated gradient method; in
the first phase, a penalty function is minimized and in the
second phase the Hessian developed from the quasi-Newton
function minimization of the first phase is used to perform a
Newton iteration on the ‘‘active’ constraints. Both ap-
proaches propagate trajectories using the Kepler problem
formulation rather than the Lambert problem formulation
proposed here. These papers show how analytic gradients of
the performance index and constraints may be computed.
This approach requires coding first partial derivatives of the
constraints with respect to the state variables and is ad-
vantageous when constraints are a simple function of the state
variables. However, several important constraints (e.g.
tracker elevation angles, instantaneous impact latitude and
longitude, and outgoing asymptote declination and right
ascension) are sufficiently complicated functions of state that
their first partials are, to say the least, cumbersome.

Method of Multipliers

In this section a different approach to the solution of the
nonlinear programming problem is selected—one that
experience has shown to be faster and more robust than
penalty function approaches. Most numerical techniques for
solving the above problem, which make use of gradient in-
formation, fall into one of three categories:

1) Lagrange multiplier techniques?*~3 that adjoin the
constraints to the objective function, using Lagrange
multipliers; seek to minimize the augmented objective func-
tion with respect to the independent variables; and select
Lagrange multipliers that satisfy constraints.

2) Feasible direction and gradient projection
techniques "% in which successive linear search directions are
chosen to satisfy constraints to the first order.

3) Penalty function techniques3®#° in which penalty terms
are added to the function to be minimized so that a series of
unconstrained minimizations of penalty functions solves the
original constrained problem.

There are advantages and disadvantages to each method;
choice should depend on the number of variables and con-
straints and the degree of nonlinearity of the constraints.
Feasible direction and gradient projection techniques,
although analytically complex compared to unconstrained
optimization algorithms, work efficiently on problems with
linear constraints. However, these methods considerably
increase computation time and algorithm complexity. when
the constraints are highly nonlinear. Penalty function
methods are easy to implement, directly admitting the use of
efficient quasi-Newton methods of unconstrained function
minimization; nevertheless, they require penalty terms to
approach an infinite magnitude in certain regions, which



210 R.G. BRUSCH

THRUST \; COAST THRUST COAST THRUST

-470-55——L—Bl——l—~51——<— 50-—]«——1 2l §5 e 50
200 17

414

PL-22)

Fig. 8 Typical profile of thrust acceleration vs time for a planetary
mission.

severely distorts the shape of the penalty function, inherently
slowing convergence and introducing numerical problems.

The method of solution selected involves Lagrange
multipliers and hence belongs to the first category of solution
methods. To date, these approaches have received con-
siderably less attention than the other two approaches. These
methods avoid the severe functional distortion inherent in the
penalty function approaches (and thus, the associated slowing
of convergence and numerical problems) and admit the use of
efficient quasi-Newton methods of function minimization.
Moreover, since they do not require return to a feasible
solution after each optimization step, as do feasible direction
and gradient projection methods, computational load is
reduced.

A variation of the Method of Multipliers originally
proposed by Hestenes?* was implemented to solve the non-
linear programming problem posed by Egs. (16-18). An
algorithmic presentation of this method of solution as applied
to launch vehicle trajectory optimization may be found in
Ref. 4. The same package of subroutines was used in both
applications, indicating the flexibility and robustness of the
solution technique.

Intérim Upper Stage Examples

The Interim Upper Stage (IUS) is actually a family of solid-
rocket-motor upper stages designed around two new solid
rocket motors (SRM). The family of stages will be used to
transfer payloads from the low Earth orbit of the space
shuttle into higher-energy orbits; e.g., synchronous equatorial
missions and planetary missions. Table 1 presents typical
parameters for two proposed NASA missions presented as
examples.

Pioneer Saturn/Uranus/Titan Probes Mission

The first mission is the 1985 Pioneer Saturn/Uranus/ Titan
Probes mission, PL-22A. The IUS must transfer the
spacecraft from a 160-n. mi. altitude circular space shuttle
parking orbit with an inclination of 28.31 deg onto a
hyperbolic trajectory with a vis-visa energy of C;=143
km?2/s? and an outgoing asymptote declination of —3 deg.
For planetary injection missions, it is desirable to execute the
burns in as rapid a succession as possible. Unfortunately, this
desire conflicts with the rather long thrust tailoff charac-
teristics of solid rocket motors and the limited thrust available
from reaction control systems used to achieve the minimum
separation distance required for ignition of the next stage.
Figure 8 shows some typical thrust vs time profiles for this
mission, with thrust acceleration centroids noted.

The problem is to maximize the payload weight subject to
an upper bound on the total vehicle ignition weight (due to
shuttle payload capacity) and minimum coast times between
stages to allow for thrust tailoff and stage separation. The
control variables were total vehicle ignition weight, coast time
in the space shuttle parking orbit before the first impulse,
position vectors and times of the second and third impulses,
velocity vector after the third impulse, and propellant off-
loading of each of the three stages. Thus, there are sixteen
control variables. The equality constraints # consist of one
impulse compatibility constraint, Eq. (15), for each of the
three impulses, a final energy, and a final declination con-
straint for a total of five equality constraints. The inequality
constraints consist of an upper bound on the total vehicle
ignition weight, upper and lower bounds on the offloading of

~

J. GUIDANCE AND CONTROL

LAUNCH SITE
ATt =1HR

OUTGOING
ASYMPOTE 3

28°

Fig. 9 Launch window performance geometry.

each stage, and lower bounds on the two coast times
separating the three stages for a total of nine inequality
constraints. The offloadings for each stage were bounded
between 0.0 and 0.4 of the maximum propellant loads.

A solution accurate to six significant figures was obtained
in between 80 and 120 s of central processor time on the CDC

. CYBER 172 computer, depending on the initial solution

estimate. For this problem each one-dimensional search of the
unconstrained function minimization required approximately
1.3 s. The complete evaluation of a single trajectory, in-
cluding evaluation of more than 70 dependent variables after
each impulse of the trajectory (orbital parameters, weights,
etc.), required less than 0.06 s.

The optimal total vehicle ignition weight was 58,557 1b, 163
1b under the maximum space shuttle capacity for this mission.
Each solid rocket motor was fully loaded, resulting in a
payload weight of 1427 lb—well above the nominal payload
weight. The initial IUS position was assumed to be directly
over Cape Canaveral with a latitude of 28.31 deg and a
longitude of 279.46 deg. The centroid of the first-stage burn
occurred at a latitude of —21.98 deg and a longitude of 58.00
deg after a 7576 s coast. As expected, each of the next two
impulses occurred at the earliest possible time consistent with
the minimum coast time constraints. The optimal average

. thrust pointing direction for each stage was ~7.4 deg, 1.8

deg, and 10.2 deg, respectively, above the local horizontal.
The thrust vectors were contained in the orbital plane for each
stage. The resulting inertial right ascension of the outgoing
asymptote was 183.86 deg relative to the prime meridian at
time 0.

The solution ignores part of the launch day planetary
geometry by assuming that the space shuttle parking orbit is
selected to contain the outgoing hyperbolic asymptote at the
time of the spacecraft injection. This requires that the space
shuttle be launched at a precise time each day when the plane
defined by the outgoing asymptote (fixed in inertial space)
and the radius vector to the launch site (rotating with the
Earth) has the desired predetermined inclination. The
alternative of launching into parking orbits with time-varying
inclinations, requiring time-varying launch azimuths, is
considered undesirable from the range safety considerations
(tank re-entry) and space shuttle SRM recovery con-
siderations. Further, launch at a precise time of a complex
vehicle such as the space shuttle cannot be guaranteed due to
safety precautions that occasionally result in last-minute
holds. The usual practice is to attempt launch within some
“‘window’’ containing the desired launch time. One-hour
launch windows areé typical.

Launch at a time other than the desired time results in a
space shuttle orbital plane that does not contain the outgoing
asymptote. An important part of mission analysis then is to
determine the optimal transfers for these nonplanar cases and
to quote the resulting performance degradation as a function
of time through the launch window. This is easily done by
noting the inertial right ascension of the outgoing asymptote
(relative to the prime meridian at time 0.) for the optimal
(planar) trajectory. Then, solve the same problem assuming
the vehicle is over Cape Canaveral at a different time, say 30
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Fig. 10 Three-burn environmental monitor sateliite transfer from
Eastern Test Range (ETR). Also see Table 2.

Table 2 Orbital parameters for three-burn insertion from ETR

Apogee, Perigee, Inclination,
n. mi. n. mi. . deg.
Initial orbit . 140 140 57.0
1st transfer orbit 2466 140 61.6
2nd transfer orbit 2466 900 93.5
Final orbit 900 900 103.0

min later at time=1800 s with the same inclination. This
results in an initial inertial longitude of 286.98 deg (relative to
the prime meridian at time 0.) due to the Earth’s rotation. But
now add the additional constraint that the outgoing asymp-
tote must have the same inertial right ascension (relative to the
prime meridian at time 0.) as determined by the initial case.
The geometry for this mission is shown in Fig. 9. The optimal
solution for this case resulted in the first burn occurring
approximately 100 s earlier than in the planar case and
thrusting out of the orbital plane for each of the burns. The
payload capability was reduced by 40 1b.

Environmental Monitor Satellite

The second example mission is the Environmental Monitor
Satellite, EO-56 of the NASA Mission Model. The objective is
to place the maximum payload into a 900-n. mi. circular
parking orbit at an inclination of 103 deg. This is a Sun-
synchronous orbit, meaning that the longitude of the
ascending node revolves at the same rate as the Earth revolves
about the Sun.

The mission can easily be flown out of the Western Test
Range. However, at one time space shuttle launches out of the
Western Test Range were in question, and mission analysis
was performed assuming a launch from Cape Canaveral at
the most northerly permissible azimuth for space shuttle
launch. This results in an initial circular space shuttle parking
orbit with an altitude of 140-n. mi. and an inclination of 57
deg. The orbital transfer thus requires a challenging orbital
plane change of 46 deg. Characteristics of one vehicle con-
figuration considered for this mission are presented in Table
1. For this mission, the offload fractions were restricted to be
between 0.0 and 0.40. The control vector was the same as for
the PL-22 mission. The equality constraints k4 consisted of the
delta velocity compatibility constraint, Eq. (15), for each of
the three stages and the apogee,.perigee, and inclination of the
final orbit for a total of six constraints. The inequality
constraints g were an upper bound on the total vehicle ignition
weight, upper and lower bounds on the offloading for each of
the stages, and a lower bound on the payload weight for a
total of eight inequality constraints.

A solution accurate to four significant digits required 141 s
of central processor time on a CDC CYBER 172 computer.
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The geometry of the solution is shown in Fig. 10 and Table 2.
As before, the IUS is assumed to be directly over Cape
Canaveral at time =0. After a 2173-s coast, the first impulse
at a latitude of 0.15 deg and an inertial longitude of 78.88 deg
places the IUS in an elliptical orbit with an apogee of 2466 n.
mi., a perigee of 140 n. mi., and an inclination of 61.6 deg.
Near the apogee and the ascending node, the primary plane
change maneuver occurs, resulting in an elliptical orbit with
an apogee of 2466 n. mi., a perigee of 900 n. mi., and an
inclination of 93.5 deg. As might be expected, injection into
the final orbit occurs at the descending node. The optimal
propellant offloadings were: 0.224 for the first stage, 0.0 for
the second stage, and the maximum allowable offloading,
0.40, for the third stage. The total vehicle ignition weight was
also at its maximum value. The resulting payload weight was
4496 1b, 514 1b short of the desired payload weight. It is
currently planned to launch this mission out of the Western
Test Range.

These examples show only a small portion of the power and
flexibility of this approach. To date, problems with 7 im-
pulses, 35 control variables, and 31 constraints have been
successfully solved. Most recently, an analytic booster model
has been incorporated in the program, called CONITO, to
allow simulation of complete missions from the ground up.
The solution times are sufficiently short to allow problem
solution in an interactive mode using a remote terminal on
prime shift time.

Conclusions

The combination of the impulsive thrusting approximation,
the solution to Lambert’s problem for coasting arcs, and a
variation of the Methods of Multipliers for nonlinear
programming, has resulted in a rapid and reliable tool for the
determination of optimal space trajectories subject to
complex practical constraints. A Lambert problem for-
mulation was chosen over a Kepler problem formulation
because of numerical conditioning and stability con-
siderations as well as ease of use. However, care must be
taken in developing an algorithm to solve Lambert’s problem
to account for solution ambiguities inherent in the for-
mulation. The basic solution strategy proposed in this paper
adapts easily to other problems and complex constraints.
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